Abstract. We study the quasinormal modes of the massless scalar field in asymptotically (A)dS black holes in Lovelock spacetime by using the sixth order of the WKB approximation. We consider the effects of the second and third order of Lovelock coupling constants on quasinormal frequencies spectrum as well as cosmological constant.
Introduction
The existence of large extra dimensions [1] [2] [3] [4] which has opened an exciting field of research on commonly predicts the existence of the possibility of production of black holes [5] [6] [7] at particle colliders such as the Large Hadronic Collider (LHC). It is expected that the Planck scale is of the order of TeV, and thereby quantum gravity may show itself at hadronic colliders due to the creation of higher dimensional black holes at the LHC. Hence, the higher dimensional black holes have been attracted a lot of interest during the past decade within different theories such as supersymmetric string theory and different extra dimensions scenarios (see for a review [8] ). In four dimension, considering the absence of higher derivative terms larger than the second order in the Lagrangian and assuming the general coordinate covariance can deduce the Einstein gravity while in higher dimensions, the above assumptions lead to Lovelock theory of gravity [9] . The modified Einstein tensor is nonlinear in the Riemann tensor only if the spacetime has more than 4 dimensions. Therefore, the Lovelock theory is the most natural extension of GR in higher dimensional spacetime which represents interesting scenario to study the corrections of the physics of gravity results at short distance due to the presence of higher order curvature terms in the action. Moreover, the Einstein gravity is not reliable any more at the energy scale of black hole production. It should be noted that there exist static spherically symmetric black holes in Lovelock gravity [10] [11] [12] and one can consider the black holes produced at the LHC, of this type, supposedly. Based on some pioneering work [13] , the small black holes are unstable in any dimensions. On the other hand, it is important to study quasinormal modes (QNMs) of black holes [14] [15] [16] [17] [18] [19] [20] to understand properties of black holes in Lovelock gravity. The QNMs of black holes, which depend only on black hole parameters but not depend on the initial perturbation, present a discrete set of complex frequencies corresponding to the solutions of the perturbation equations. In general, the imaginary part of the complex frequencies are associated with the decay timescale of the perturbation while the real part represents the actual frequency of the oscillation. Recently, number of authors had focused on the QNMs of black holes in asymptotically flat spacetime [21] [22] [23] , asymptotically (anti-)de Sitter (henceforth AdS or dS) spacetimes [24-28, 58, 59 ], gravitational perturbation [31] , scalar perturbation [33, 61] , electromagnetic perturbation [34] , and Dirac perturbation [35] [36] [37] in different backgrounds. Moreover, black holes in higher dimensional spacetime have extended the investigation of QNMs to higher dimensional spacetime [38] [39] [40] [41] . To investigate the QNMs of black holes in higher dimensional spacetime, one direction is to consider black holes in Lovelock as a more general gravitational theory rather than Einstein theory of General Relativity.
In case of the second order Lovelock theory, the so-called Einstein-Gauss-Bonnet theory, some analysis were performed [44] and also QNMs had been calculated [45] . It was shown that there exists scalar mode instability in five dimensions, the tensor mode instability in six dimensions, and no instability in other higher dimensions [46, 60] . Therefore, we need to incorporate higher order of the Lovelock terms in the dimensions higher than six, specially, when we consider black holes at the LHC [48, 49] . Hence, in this paper, we study the QNMs of black holes in the third order of Lovelock theory for eight dimensional spacetime. We are interested here in what will happen with quasinormal spectrum of the black hole if the third order correction term is taken into account. Here, we present a through study of the QNMs of black holes in asymptotically curved spacetime in Lovelock background. In order to compute the QNMs, there are several techniques, such as potential fit [50] , Leaver's continued fraction method [51] , Wentzel-Kramers-Brillouin (WKB) [52, 53] , etc. In this paper, we study the QNMs of massless scalar field for asymptotically (A)dS black hole using the 6th order of WKB approximation as the results gets better for higher orders of WKB [18] . We discuss in detail how the QNMs of massless scalar field are influenced by the parameters of higher dimensional black hole spacetime. This paper is organized as follows: In section II, we will give brief information to Lovelock black hole space time. Section III deals with calculation of QNMs for asymptotically (A)dS black hole and detailed analysis performed. In the last section a summary of results and conclusions are given.
Lovelock Black Hole Spacetime
Lovelock gravity [9] is one of the natural generalization of Einstein theory in higher dimensional spacetime which maintains the properties of Einstein equation. Thus, we consider third order Lovelock black hole with a cosmological constant term, where the corresponding Lagrangian is given by
where c m is an arbitrary constant and m is the Euler density of 2k-dimensional manifolds which is defined by
..µmνm and R λ 1 ξ 1 µ 1 ν 1 are the generalized totally antisymmetric Kronecker delta and the Riemann tensor in D dimension respectively. Hereafter, we set c 0 = −2Λ, c 1 = 1, c 2 = α/2, c 3 = β/3, and c m = 0 (for 4 ≤ m). Therefore, the second and third order of the Lagrangian terms are given by
Then, one can derive the Lovelock equation with respect to the metric as follows
where G
(1)ξ λ is the Einstein tensor and G
are the second and the third order of Lovelock tensors respectively. It was shown [10, 55] that there exist static exact black hole solutions of the equation (2.5) . In this case, the line element takes the following form
whereγ ij is the metric of D − 2 dimensional constant curvature space. In order to determine the function N (r) by Eq. (2.6), it is convenient to define a new variable ψ (r) as
which the constant curvature h = 1, 0 or −1. Then, one can obtain the solution from the following equation
where Λ is cosmological constant and µ is an integration constant related to ADM mass [56] as M =
, where we used a unit 16πG = 1. Here, n = D − 2 which D is the number of spactime dimensions. In the following section we study the QNMs of scalar field by concentrating on the asymptotically de-Sitter spherical solution.
Quasinormal modes of massless Scalar Field
Recently much attention has been focused on studying the de Sitter (dS) space and asymptotically dS black holes due to their rich structure. Mellor and Moss [57] have been done the first calculations of the fundamental gravitational modes for Reissner-Nordström de Sitter black holes by using numerical techniques and complemented by Brady [58] through a numerical time evolution of scalar fields. In this case, some pioneering works have been done through numerical time evolution against WKB predictions [59, 60] . In this manner, we approach higher dimensional asymptotically dS black holes based on the Lovelock gravity within WKB approximation. In order to calculate the QNMs of scalar field of asymptotically dS Lovelock black holes, we need to consider the test scalar field in the Lovelock background. In this case, the general perturbation equation for the scalar field Φ in the curve spacetime, the Klein-Gordon-Fock equation, is given by
Substituting Eq. (2.7) into Eq. (3.1), and using new variables
where Y L (Ω) represents the coordinates in a d-dimensional sphere. In this way, for a ddimensional sphere, the spectrum of spherical harmonics is given by with L ≥ 0 In this manner, going over the tortoise coordinate dr * = dr N (r) , Eq. (3.1) can be reduced to the radial perturbation equation in form of the Schrödinger wavelike as follows
where the effective potential has the form
The tortoise coordinate r * is defined on the interval (−∞, ∞) in such a way that the event horizon corresponds to r * = −∞, while r = ∞ corresponds to r * = ∞. Here, the effective potential has the multipeaks or the negative region for some parameters. As far as one needs to consider the effective potential which has the form of potential barrier and is defined positively, we excluded these parameters and the cases with ghost instability. Quasinormal modes are obtained by solving equation (3.4) under appropriate boundary condition.To consider boundary condition for an incoming wave at the event horizon, one can find that the effective potential V (r) → 0 for r → r + . The effective potential vanishes, V (r) = 0, in case of an outgoing wave at infinity, as the black hole tends to the Minkowski spacetime at infinity. Therefore, one can write the boundary condition for incoming and outgoing waves as Table 1 . The real and imaginary part of the QNMs of the asymptotically dS Lovelock black holes as a function of α and β for L = 0 and different overtones for n = 6. Table 2 . The real and imaginary part of the QNMs of the asymptotically dS Lovelock black holes as a function of α and β for L = 2 and different Λ for n = 6.
To find the quasinormal frequencies for the massless scalar field in Lovelock black hole spacetime whose effective potential has the form of a potential barrier like that of formula (3.4), one can use the sixth order WKB approximation which was first derived by Schutz and Will [52] . This method has extended by Iyer and Will [53] to the third order and then extended to sixth WKB order by Konoplya [18] . In this case, when V (r) − ω 2 max ω 2 − V (±∞) , WKB has very good accuracy, i.e. if solutions of equation ω 2 − V (r) = 0 are very close to each other as two turning points and the total energy, ω 2 − V (r) is expanded to the Taylor Table 3 . The real and imaginary part of the QNMs of the asymptotically AdS Lovelock black holes as a function of α and β for L = 2 and different Λ for n = 6. series near the maximum of the effective potential near by the turning points. The sixth order WKB method of the quasinormal mode calculation is governed by the following
where V (r 0 ) is the height and V (r 0 ) is the second derivative with respect to the tortoise coordinate of the potential at the maximum. Here b is the overtone number. In this case, γ i can be found as constants coming from the second up to sixth order WKB correction [18, 53] . In order to generate the related effective potential, one can obtain the effective potential for n = 6 using the equations (2.7), (2.8), and (3.2) as follows
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Which depends on the value of r, integration constant related to ADM mass, µ,the second and third orders of Lovelock gravity coefficients, α and β, cosmological constant and angular momentum as well. It is straightforward to obtain the effective potential for other dimensions of the spacetime such as n = 3, 4, 5. We would like to note that, in case of n = 4, the third order of Lovelock gravity is no longer valid to the master equation (2.8) and it reduces to Einstein-Gauss-Bonnet black holes. Figure 1 represent the typical variation of the effective potential V (r) with respect to r in presence of the Lovelock correction coefficients, α and β. The different plots are drawn for different values of α and β. It shows the potential variation for different β as the third order coupling constant of Lovelock theory. One can deduce that the β parameter increases the height of the potential barrier governed by the effective potential. Figure 1 shows the cases α = 0.1, α = 0.3 with β = 0.5 as two example of bad potential which has been taken out from the calculation as mentioned before. However, Figure 2 shows a well behaved potential which is in the form of potential barrier. We now apply the WKB method extended to the sixth order adopted to Lovelock theory [54] to compute the frequencies of the QNMs of the metric perturbations that obey equation (3.4) . Within the WKB approach in order to take into account of the second and third order of the Lovelock gravitational theory, we use α ≥ 0 and β ≥ 0. Here, first we set µ = 1, L = 0 and Λ = ±1. Then, we computed the QNM frequencies for different overtone from b = 0 to b = 4. In Figure 3 the imaginary parts of the QNM frequencies are presented for the asymptotically dS black holes in Lovelock background as a function of α and β for n = 6 dimension and different values of the overtone including the fundamental state. We assume the perturbations depend on e −iωt according to the equation (3.2) . Therefore, to have damping, the imaginary part of ω must be negative which could be satisfied by setting α = β (See Figure 3 and Table I ). The calculation is done for different positive values of the second and third order of Lovelock coefficients (see Table I ). Figure 3 shows the behavior of the imaginary part of the QNM frequencies for the asymptotically dS Lovelock black hole as a function of the Lovelock coupling constants for 8 dimensional spacetime. In this case, the different values of overtones including the fundamental state is presented and increasing the overtone causes more variations of the imaginary part of the QN frequencies for all values of the second and third orders of Lovelock coupling constants. Figure 3 shows for β = 0, the real part of the quasinormal mode frequency increases with α. But the imaginary part shows a different kind of behavior, the damping decreases as α is increased from some lower values to some minimum and then the damping increases as we go to larger values of α. Obviously, taking into account of β > 0 changes the behavior of the real part of the QNMs of Lovelock black holes. Figure 3 also shows no difference between the imaginary part and real part of the QNMs for β = 0 and α > 0.3. It is shown that variation of the imaginary and real parts of the QNMs of the massless scalar field in asymptotically dS background in Lovelock theory are related to the second and third order of the coupling constants of Lovelock, α and β. Table 1 shows different values of the quasinormal modes of asymptotically dS Lovelock black hole for L = 0. In the same manner, one can obtain the effective potential for asymptotically AdS black hole in Lovelock background and compute the quasinormal mode using WKB approximation. In this case, the imaginary part of the QNMs in fundamental state of overtone has small variation as a function of α and β (see Figures 5) . Here, increasing the overtone causes more variations of the imaginary part of the QN frequencies for all values of the second and third orders of Lovelock coupling constants which confirm that the value of overtone not to be more than angular momentum. Therefore, in next step, we compute the quasinormal mode of Lovelock black holes for fundamental overtone with L = 2. In this manner, the quasinormal mode of the ω with respect to the α for asymptotically dS black hole in Lovelock background are well-defined (see Figure 6 , 7, and 8). In this case we calculate the quasinormal modes of black hole with α = 0.1 to 0.5 with interval 0.1 for different values of β from 0.15 to 0.35 with interval 0.05 in case of Λ = 0.1. In this case, we use the same method to compute the quasinormal modes for different values of cosmological constant such as 0.1, 0.2, 0.5, 1, 5, and 10 for asymptotically dS black holes and −0.1, −0.2, −0.5, −1, −5, and −10 for asymptotically AdS black holes in Lovelock gravity. In case of β = 0 which is Gauss-Bonnet black hole case, the quasinormal modes are well-behaved except Λ = 0.1 and α = 0.1 ( Figure 9 ). In case, increasing β does not cause variation on imaginary part of the ω for different values of α except in case of Λ = 10 which has more variation compare to the other values of Λ (see Figures 10, 11, 12, and 13) . In this way, the imaginary part of the ω is not well-behaved for α = 0.1 in case of asymptotically AdS black hole with β = 0. However, there is no result for Λ > −5 and in case of α > 0.4 for Λ = 1. In this case, the quasinormal modes of the AdS black holes in Lovelock background diverge with increasing cosmological constants (see Table III ). Here one can refer to the Table (I)II as well for computed quasinormal modes of the (A)dS black holes in Lovelock background.
Conclusion
In this paper, we have investigated quasinormal modes of massless scalar field of the asymptotically dS black holes in Lovelock background up to eight dimensions. We found that the effective potential V depends only on the value of r, integration constant related to ADM mass, µ, and Lovelock second and third order coefficients, α and β, respectively. We have computed the quasinormal frequencies spectrum of the asymptotically (A)dS black holes in Lovelock gravity theory, using the sixth order of WKB approximation. It is shown that the quasinormal spectrum depends on the second and third order of Lovelock coupling constant parameters, α and β. The parameters α and β are given values from 0.1 to 0.6. The calculation is done for different values of α and β for L = 0 (see Tables I ) and L = 2 (Tables II  and III) . We compare the real part and imaginary part of the quasinormal frequencies and their variations respect to second and third order of the Lovelock coupling constants (Figure 4) . We also have computed the quasinormal modes for different overtone including the fundamental state. We observed that increasing the overtone causes more variations of the imaginary part of the quasinormal frequencies for all values of the second and third order of Lovelock coupling constants, α and β in case of L = 0. Figures 5 shows the variation of imaginary part of the quasinormal modes of the ω with respect of the parameters α and β for L = 0. We found in case, if we set L smaller than overtone the quasinormal mode spectrum would diverge. Therefore, the calculation was done for the case L = 2 for fundamental overtone, b = 0 as well. One can find the behavior of the spectrum in case of the L = 2 in Figure 6 specifically for Gasuss-Bonnet dS black holes. Figures 7, 8, and 10 show the quasinormal mode of the ω with respect to the α for asymptotically dS black hole in Lovelock Back ground. We found remarkable features of the quasinormal frequencies of Lovelock (A)dS black holes which depend on the coefficients of the Lovelock terms, the species of perturbations, and dimensions of the spacetime. Indeed, increasing the coefficients of the third order Lovelock term causes increasing of the real part of quasinormal frequencies which is in the same manner of asymptotically flat black holes in Lovelock back ground computed in Ref. [54] . In this study, we found, decreasing the cosmological constant in AdS spactime causes divergence in quasinormal spectrum. Therefore, although, Lovelock theory has a rich structure of AdS vacua, the 6th order of the WKB approximation is not precise to compute the poles of the retarded correlators of the thermal Super Yang Mills theory using AdS/CFT correspondence by investigating quasin normal modes of asymptotically AdS spherical static black holes in Lovelock gravity. The quasinormal mode of the ω vs. α for asymptotically dS black hole in Lovelock background for n = 6, β = 0, L = 2, µ = 50. 
